Some Results for the Sendov Conjecture  by Byrne, Angelina
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 199, 754]768 1996
ARTICLE NO. 0173
Some Results for the Sendov Conjecture
Angelina ByrneU
Department of Mathematics, Uni¨ ersity of Melbourne, Park¨ille, Victoria, Australia 3052
Submitted by E. R. Lo¨e
Received February 23, 1995
The Sendov conjecture may be stated as: If all zeros of a complex polynomial
 . < < X . < <p z lie in z F 1, then there is always a zero of p z in z y a F 1, where a is
 .any zero of p z . We find several easy to apply conditions for which this conjecture
is true for polynomials of degree n. Ranges of values of a implied by these
conditions are also given. Q 1996 Academic Press, Inc.
1. INTRODUCTION
The Sendov conjecture may be stated:
 . < <If all zeros of a complex polynomial p z lie in z F 1, then there is always
X . < <  .a zero of p z in z y a F 1, where a is any zero of p z .
Suppose that
ny1
p z s z y a z y z .  .  . k
ks1
< <where 0 F a F 1 and z F 1 for 1 F k F n y 1. Results obtained cank
then be adjusted for any complex a by a rotation of the z-plane.
X .Suppose further that the critical points, that is, the zeros of p z , are
< <z , where, by the Gauss]Lucas Theorem, z F 1 for 1 F k F n y 1.k k
If a s 0 or a is a repeated root, the conjecture is trivially true. So we
now have to consider only 0 - a F 1 and a / z for 1 F k F n y 1.k
We obtain inequalities which enable us to find values of a for which the
conjecture is true. These results improve on those given by the well known
w x  2 . .ny3condition, given in 4 , 1 q a 1 q a y n F 0 for the values tested.
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Also using these inequalities, we obtain ranges of a for which the
 .conjecture is true, subject to certain restrictions on the roots of p z . In
particular, we consider the cases where all the roots are in the upper half
of the z-plane including the real axis, or all the roots are in the lower half
of the z-plane including the real axis.
The results we get could be obtained directly in the z-plane, but these
results seem to arise more naturally and the geometry of the situation is
clearer in the w-plane defined in the next section.
2. A TRANSFORMATION
Consider the transformation
w s u q i¨ s 1r a y z . .
Let the images of z be w s u q i¨ and those of z be g s a q ib .k k k k k k k k
< < < < < <z y a F 1 maps to w G 1. z F 1 maps to
< < 2 2w G 1 y 2 au r 1 y a for a / 1, 1 .  .  .
and maps to
u G 1r2 for a s 1. 2 .
To prove the conjecture with respect to the root a, we need to show that at
< < < <least one z y a F 1, that is, at least one g G 1.k k
 .By differentiating log p z and reexpressing the derivative in terms of w
and w ,k
w ny1 w pX z s w ny1 y 2w ny2 w . k k /
k k
ny1ny3q 3w w w . . . y1 n w , 3 .  . k j k
kk/j
where  means ny1,  w w means the sum of all possible productsk ks1 k / j k j
of w and w , 1 F k, j F n y 1, except those with k s j, and  meansk j k
 ny1.ks1
X .  .We also have p z s n z y z . This givesk k
1 1
Xp z s n y , .   /g wk k
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from which
w ny1 g rn pX z s w ny1 y w ny2 g . k k /
k k
ny1ny3q w g g . . . y1 g . 4 .  . k j k
kk/j
 .  .Equating coefficients in 3 and 4 gives the results, well known in their
z-plane form,
g s 2 w 5 . k k
k k
and
g s n w 6 . k k
k k
as well as
g g s 3 w w . 7 . k j k j
k/j k/j
 .Taking real and imaginary parts of 5 gives
a s 2 u 8 . k k
k k
and
b s 2 ¨ . 9 . k k
k k
 .Taking real parts of 7 gives
a a y b b s 3 u u y ¨ ¨ 10 .  . . k j k j k j k j
k/j k/j
 .and from 6 we get
< < < <g s n w . 11 . k k
k k
< <Remember that we are trying to prove that g G 1 for one value of k.k
< <Assume all g - 1, so all a - 1 also. In Fig. 1 this means that all the gk k k
 .are in the shaded region and using 8 that
n y 1 a n y 1 .
0 - - u - , 12 . k4 2k
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FIG. 1. Basic w-plane geometrical picture for n s 7. Note that the big circle approaches
1u s as a approaches 1.2
 . so that at least one of the u - 1r2. If a s 1 this contradicts 2 . Thisk
w x w xresult has been proved earlier, see 5 . In 1 the same result is again
proved together with a stronger result, using a different transformation
than the one we use. This stronger result is also easily proved using our
.transformation.
Therefore from now on we only need consider 0 - a - 1.
 .Another consequence of 12 is that if all the u G 1r2, that is, all thek
< <z are in z q 1 y a F 1, the conjecture is true, since our assumption isk
contradicted.
3. PRELIMINARY LEMMAS
LEMMA A. The Sendo¨ conjecture is true with respect to a if
< <  .w G 1r2 sin prn for at least one k, 1 F k F n y 1.k
w xThis is simply Lemma 2.3 of 2 translated into the w-plane. So, from
< <  .now on we assume 0 - a - 1, and w - 1r2 sin prn for all k. To get ak
geometrical picture see Fig. 1.
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LEMMA B. Let r , r , . . . , r and a, b, c be positi¨ e numbers satisfying1 2 m
m
m ma F r F b , a F c F b , and r G c.j j
js1
If m is the smallest positi¨ e integer such that b mamy m G c, then
2mym my1m 1 m y m m y 1 a b
F q q . 2 2 2  /cr a bjjs1
w xSee 3 for the beautifully simple proof of this lemma.
< <  . < <Again assume that all g - 1, so that by 11 ,  w - 1rn. Sincek k k
< < < <  < < < <.  .w s 1r a y z G 1r a q z G 1r 1 q a , we havek k k
ny11
< <F w - 1rn. k /1 q a k
  ..ny1  .ny1Thus 2 sin prn F n F 1 q a for all n G 2. Furthermore we
< <   .. < <know that w - 1r 2 sin prn , so by Lemma B, with r s 1r w , ak k k
 .replaced by 2 sin prn , b by 1 q a, c by n, m by n y 1, and m by p q 1,
we have
ny1 n y 2 y p p2< <w F q k 2 21 q a2 sin prn  . . .ks1
2pny2yp2 sin prn 1 q a .  . .
q s W , 13 .1 /n
say, where
ny1log nr 2 sin prn . . .
p s ,
log 1 q a r2 sin prn .  . .
the square brackets denoting the greatest integer function.
4. THE THEOREMS
THEOREM 1. The Sendo¨ conjecture is true with respect to the root a if
ny1 n y 12< <w F . 14 . k 1 q aks1
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 .Proof. From 1 ,
< < 2 2w G n y 1 y 2 a u 1 y a . . k k /
k k
< <  .If we assume that all g - 1 we can use 12 , which givesk
ny1 n y 12< <w ) . k 1 q aks1
 .Thus if 14 holds we have a contradiction, which proves the theorem.
 .THEOREM 2. i The Sendo¨ conjecture is true with respect to the root a
pro¨ided that
ny1
2< <w k
ks1
n y 1
2F 2n q 4 y 2 n y 1 a .222 n q 2 1 y a .  .
22 2 2 4 2 4ya 2 n 1 ya q n 17 y 22 a q 5a q 30 y 18a q 6a’  .  . / 5
s W ,2
say.
ny1 < < 2Otherwise, if  w ) W , then the conjecture is true pro¨ided thatks1 k 2
either
a 1
 .ii w y F for all kk 2 21 y a 1 y a
and that
1 22 2¨ ¨ G a n y 1 y 4a W . k j 22 8ak/j
221 y a
y n y 1 n y 2 1 y s V , .  . 12 5 /2 sin prn . .
say, or
2 . ’iii a G 1 y 4 sin prn and ¨ ¨ G V . .  k j 1
k/j
COROLLARY 1. If  ¨ ¨ G 0 and eitherk / j k j
a 1
w y F for all kk 2 21 y a 1 y a
2’or a G 1 y 4 sin prn , the conjecture is true with respect to a pro¨ided .
that V F 0.1
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 < < 2 < < 2 .COROLLARY 2. If z s x q iy ,  y y r a y z a y z G 0, andk k k k / j k j k j
2< < ’either z y 2 a ) 1 for all k or a G 1 y 4 sin prn , the conjecture is .k
true with respect to a pro¨ided that V F 0.1
COROLLARY 3. If all the ¨ G 0 for 1 F k F n y 1, or, if all the ¨ F 0k k
<  2 . <  2 .for 1 F k F n y 1, and either w y ar 1 y a F 1r 1 y a for all k ork
2’a G 1 y 4 sin prn , the conjecture is true with respect to a pro¨ided that .
V F 0.1
COROLLARY 4. If z s x q iy and all the y G 0 for 1 F k F n y 1k k k k
 . < <or if all the y F 0 for 1 F k F n y 1 , and either z y 2 a ) 1 for all k ork k
2’a G 1 y 4 sin prn , the conjecture is true with respect to a pro¨ided that .
X .V F 0. Furthermore, since all the roots of p z are in the con¨ex hull of the1
 .  .roots of p z , all the z will be in the upper half plane or lower half plane ,k
including the x-axis.
Obviously the theorems can be transformed into a z-plane form, but we
will not need to use this form here.
 .Proof of i .
Re g 2 s a 2 y b 2 .  k k k
k k k
2 2
s a y b y 2 a a y b b .  k k k j k j /  /
k k k/j
2 2
s 4 u y 4 ¨ y 6 u u y ¨ ¨ , .  k k k j k j /  /
k k k/j
 .  .  .using 8 , 9 , and 10 . This can be expressed in terms of u and wk k
instead of u and ¨ , since, in general,k k
2
22 c c s c y c ,  k j k k /
k/j k k
so that
2 2
22 2 < <Re g s 2 u q 6 u y 3 w y w . .    k k k k k /
k k k k k
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By the Cauchy]Schwarz inequality,
1r2 1r2
2a F a 1 . 15 .  k k  / /
k k k
< <  .If we assume that all g - 1 we can use 12 , which means thatk
 . u ) 0 and, using 15 , thatk k
2
2u F n y 1 u . . k k /
k k
Thus
2 26 22 < <Re g G 2 q u y 3 w y w . .   k k k k / /n y 1k k k k
Now,
22 2 2 4 2 4’  .  .2 n 1 y a q n 17 y 22 a q 5a q 30 y 18a q 6a .
22 2 2 2 2 2 2’  .  . .  . .s 2 n 1 ya q n 17 y 5a 1 ya q 6 1 ya 5 ya q 18a .
2’) 36a , since 0 - a - 1,
s 6a.
< < 2So, if  w F W , thenk k 2
n y 12 2 2< <w - 2n q 4 y 2 n y 1 a y 6a 4 . k 222 n q 2 1 y a .  .k
n y 1
s 21 y a
which means that
2 < < 21 y 1 y a w ) 0. . . k
k
 .   2 . < < 2 .From 1 u G 1 y 1 y a w r2 a, sok k
222 < <6 1 y 1 y a w . k2Re g G 2 q . k  /  /n y 1 2 ak k
2
2< <y 3 w y w . k k
k k
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 . < <From 5 , and using the assumption that all g - 1, we havek
1
w s g - n y 1 r2. 16 .  . k k2k k
This gives
4a2 Re g 2 G n y 1 2n q 4 y n y 1 a2 .  . . . k
k
2 < < 2y 4 n q 2 y n y 1 a w . .  k
k
22 22 n q 2 1 y a .  . 2< <q w . k /n y 1 k
< < < 2 <  2 .Our assumption was that all g - 1, so g - 1 and Re g - 1.k k k
< < 2Putting W s  w , we then havek k
2 22 24a n y 1 ) n y 1 2n q 4 y n y 1 a .  .  . .
y 4 n y 1 n q 2 y n y 1 a2 W .  . .
22 2q 2 n q 2 1 y a W .  .
or
2 2 20 ) n y 1 2n q 4 y n q 3 a y 4 n y 1 n q 2 y n y 1 a W .  .  .  . .  .
22 2q 2 n q 2 1 y a W . 17 .  .  .
 .Regarding the right side of 17 as a quadratic in W, this inequality is
only possible between the zeros of the quadratic. We could also consider it
as a quadratic in terms of a2, but for what follows W is more convenient.
The roots are
n y 1
2W s 2n q 4 y 2 n y 1 a .222 n q 2 1 y a .  .
22 2 2 4 2 4"a 2 n 1 y a q n 17 y 22 a q 5a q 30 y 18a q 6a’  .  . / 5
s W , W 18 .2 3
say, where W - W .2 3
 .If W F W we have a contradiction, thus proving i of the theorem.2
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 .Proof of ii .
< < 2 2 2w s u q ¨ . k k k
k k
2 2
s u q ¨ y 2 u u y 2 ¨ ¨ .   k k k j k j /  /
k k k/j k/j
Therefore
21 2< <u u s w y w y 2 ¨ ¨   k j k k k j 52k/j k k k/j
1 2 2< <- n y 1 y 4 w y 8 ¨ ¨ .  k k j 58 k k/j
 .using 16 .
So at least one of the u u , say u u , where u F u is such thatk j p q p q
1 2 2< <u u - n y 1 y 4 w y 8 ¨ ¨ .  p q k k j 5n y 1 k k/j8  /2
1 2 2< <s n y 1 y 4 w y 8 ¨ ¨ . .  k k j 54 n y 1 n y 2 .  . k k/j
< <  .  .Now after Lemma A, we assumed that w - 1r2 sin prn , so, using 1 ,p
1 y a222 < <u G 1 y 1 y a w r2 a G 1 y 2 a, 19 .  . /p p 2 /2 sin prn . .
and if
2 2< <a 1 1 y 1 y a w . k
w y F then u ) ) 0 for all k .k k2 2 2 a1 y a 1 y a
< < 2Since  w ) W ,k k 2
1 22u F u u - n y 1 y 4W y 8 ¨ ¨ . . p p q 2 k j 54 n y 1 n y 2 .  . k/j
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 .Combining this with 19 we get
1 22 2¨ ¨ - a n y 1 y 4a W . k j 22 8ak/j
221 y a
y n y 1 n y 2 1 y s V . 20 .  .  .12 5 /2 sin prn . .
If  ¨ ¨ G V we have a contradiction, so the conjecture is true.k / j k j 1
2 . ’Proof of iii . If a G 1 y 4 sin prn then .
1 12< <w - F .k 2 21 y a2 sin prn . .
 .Using 1 , this implies that u ) 0 and thereforek
1 1 q 2 au2< <w - - ,k 2 21 y a 1 y a
<  2 . <  2 .which implies w y ar 1 y a F 1r 1 y a . The result then followsk
 .from ii .
THEOREM 3. If all ¨ ) 0 for 1 F k F n y 1 or if they are all lessk
. <  2 . <  2 .than 0 , and either w y ar 1 y a F 1r 1 y a for all k or ak
2’G 1 y 4 sin prn , then the conjecture is true with respect to a if V F 0, . 2
where
1 22 2V s a n y 1 y 4a W .2 42 8a
221 y a
y n y 1 n y 2 1 y , 21 .  .  .2 5 /2 sin prn . .
1
2 ’W s 2 n y 1 n q 2 y n y 1 a y a A , .  . 4 .4 222 n q 2 1 y a .  .
22 2 2 2 4 2 4A s 2 n y 1 n 1 y a q n 17 y 22 a q 5a q 30 y 18a q 6a .  .  . /
2y 8 n q 2 1 q a 3 y a 1 y a . .  .  .  .
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 .  .Proof. From 12 we know that one u , say u - 1r2 and from 1 thatk m
< < 2 2w ) 1 y 2 au r 1 y a .  .m m
so that
1 122 < <q ¨ ) w ) ,m m4 1 q a
giving
1 3 y a
¨ ) .(m 2 1 q a
Thus if all ¨ ) 0 for 1 F k F n y 1,k
1 3 y a
¨ ) ( k 2 1 q ak
 .so by 9
3 y a
b ) .( k 1 q ak
Now if ¨ ) 0 for 1 F k F n y 1, then b ) 0 for 1 F k F n y 1, sincek k
the upper half of the z-plane maps to the upper half of the w-plane and
the roots of the derivative must be inside the convex hull of the roots
of the polynomial, by the Gauss]Lucas Theorem. This means we can use
 .15 to give
21 3 y a
2b G b G . k k /n y 1 n y 1 1 q a .  .k k
< <Assuming that all the g - 1 and hence all the a - 1,k k
1 3 y a
2 2 2Re g s a y b - n y 1 y . .  . k k k  /n y 1 1 q ak k
 .Now proceeding in the same way as in Theorem 2 i , we get, instead
of W ,2
1
2 ’W s 2 n y 1 n q 2 y n y 1 a y a A .  . 4 .4 222 n q 2 1 y a .  .
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where
22 2 2 2 4 2 4A s 2 n y 1 n 1 y a q n 17 y 22 a q 5a q 30 y 18a q 6a .  .  . /
2y 8 n q 2 1 q a 3 y a 1 y a . .  .  .  .
 .  .Continuing as in Theorem 2 ii gives us 21 and the result of the
theorem.
5. PRACTICAL IMPLICATIONS OF THE THEOREMS
Using the results proved above we can obtain values of a for which the
conjecture is true.
 .a First we mention criteria in which the w are not subject to anyk
conditions. We make comparisons of two criteria given in this paper and
w xthe criterion, given in 4 and mentioned in the Introduction,
 2 . .ny31 q a 1 q a y n F 0. This latter condition is, say,
Condition A. The conjecture is true if
ny321 q a 1 q a y n F 0. .  .
 . < <b Subject to the assumption that all g - 1, from the proof ofk
Theorem 1 we have
ny1 n y 12< <w ) . k 1 q aks1
So
n y 1
2< <- w - W k 11 q a k
 .where W is given in 13 , which is also subject to the assumption that all1
< <g - 1.k
If this is not true, we have a contradiction and so the conjecture is true.
This gives
Condition B. The conjecture is true if
n y 1
G W .11 q a
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 .  .c Similarly, from Theorem 2 i we get
Condition C. The conjecture is true if
W G W .2 1
Numerical calculations or an accurate computer graph give the following
ranges for a for which the conjecture is true.
n Condition A Condition B Condition C
7 0 F a F 0.529 0 F a F 0.648 0 F a F 0.674
8 0 F a F 0.458 0 F a F 0.549 0 F a F 0.581
9 0 F a F 0.406 0 F a F 0.456 0 F a F 0.497
10 0 F a F 0.364 0 F a F 0.406 0 F a F 0.414
20 0 F a F 0.190 0 F a F 0.222 0 F a F 0.228
50 0 F a F 0.086 0 F a F 0.103 0 F a F 0.105
100 0 F a F 0.048 0 F a F 0.057 0 F a F 0.059
500 0 F a F 0.012 0 F a F 0.0146 0 F a F 0.0149
1000 0 F a F 0.006 0 F a F 0.00804 0 F a F 0.00817
Notes. The results are rounded down to 3 decimal places, except
Condition B and Condition C for n s 500 and n s 1000 where we try to
give some comparison, although the difference here is insignificant.
We include the case a s 0; see the comment in the Introduction
regarding this case.
 .d Second, we consider the results with the restriction
y yk j G 0, 2 2< < < <a y z a y zk/j k j
that is, in the w-plane  ¨ ¨ G 0. By Corollary 2, the conjecture is truek / j k j
2< < ’if V F 0 and either z y 2 a ) 1 for all k or a G 1 y 4 sin prn . .1 k
This gives the conjecture true in the ranges given below. Note that the
second column only needs the restriction  ¨ ¨ G 0; the conditionk / j k j
2’a G 1 y 4 sin prn is satisfied here. The first column needs the re- .
< <striction z y 2 a ) 1 for all k as well as  ¨ ¨ G 0.k k / j k j
n Range
7 0 F a F 0.286 and 0.907 F a F 1
8 0 F a F 0.443 and 0.937 F a F 1
9 0 F a F 0.553 and 0.954 F a F 1
10 0 F a F 0.634 and 0.964 F a F 1
20 0 F a F 0.906 and 0.992 F a F 1
50 0 F a F 0.985 and 0.999 F a F 1
100 0 F a F 0.996 and 0.9997 F a F 1
500 0 F a F 0.99985 and 0.99999 F a F 1
1000 0 F a F 0.999964 and 0.999997 F a F 1
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Notes. Lower bounds are rounded up, upper bounds are rounded
down.
We include the cases a s 0 and a s 1; again see the comments in the
Introduction about these cases.
 .  .d includes the case where the roots of p z are all in the upper
 . half z-plane including the x-axis or all in the lower half z-plane includ-
.ing the x-axis .
 .Condition C gives better results than those in d for a couple of cases.
 .e We can do a similar analysis with the formulae of Theorem 3,
but the results are only marginally better.
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